Abstract. We prove a general result about the short time existence and uniqueness of second order geometric flows transverse to a Riemannian foliation on a compact manifold. Our result includes some flows already existing in literature, as the transverse Ricci flow, the Sasaki-Ricci flow and the Sasaki J-flow and motivates the study of other evolution equations. We also introduce a transverse version of the Kähler-Ricci flow adapting some classical results to the foliated case.
Introduction
In this paper we study transversally parabolic flows on manifolds foliated by Riemannian foliations. The definition of Riemannian foliation was introduced and firstly studied by B. Reinhart in [20] as a natural generalization of Riemannian submersions. Roughly speaking a foliation F on a manifold M is Riemannian if there exists a Riemannian metric on M such that the distance from one leaf of F to another is locally constant. The normal bundle Q to a Riemannian foliation F inherits a metric g Q along the fibres which is "constant" along the leaves of F. Furthermore, g Q induces a canonical connection ∇ on Q preserving g Q and having vanishing transverse torsion. This connection can be used to define the transverse curvature and the transverse Ricci tensor of g Q .
Searching for a preferred transverse metric on a manifold foliated by a Riemannian foliation, it is quite natural to follow the nonfoliated case studying the flow of a transverse metric along the transverse Ricci tensor. This was initiated in [16] in the context of Cartan geometry where it is introduced the transverse Ricci flow and it is proved a foliated version of the famous Hamilton's results for 3-dimensional compact manifolds with positive Ricci tensor (see [12] ). Furthermore, the transverse Ricci flow was used in [23] to evolve Sasakian metrics and then investigated in [4, 5, 6, 7, 13, 28] . A similar flow for evolving Riemannian metrics on manifolds foliated by 1-codimensional non-Riemannian foliations was introduced and studied in [21, 22] .
For the flows mentioned above, the short-time existence is proved by using an argument ad hoc. For instance, in [16] the short-time existence of the transverse Ricci flow is obtained regarding the flow as a flow of Cartan connections and then applying the original technique of Hamilton for parabolic systems satisfying integrability conditions, whilst in [23] the short time existence of the Sasaki Ricci flow is obtained by modifying the flow with a "parabolic complement".
The main goal of this paper is to show that a second order quasilinear transversally parabolic flow of basic sections of a vector bundle over a foliated manifold has always a unique shorttime solution. This result implies the short time existence of the transverse Ricci flow and of the Sasaki-Ricci flow and motivates the study of other flows. The precise framework is the following: we consider a compact manifold M foliated by a transversally orientable Riemannian foliation F, an F-bundle (E, ∇) over M and a second order quasilinear basic partial differential operator
By an "F-bundle" we mean a vector bundle π : E → M with an assigned connection ∇ whose curvature vanishes along vector fields tangent to the the foliations. Furthermore, C ∞ (E/F) denotes the set of smooth sections u of E satisfying ∇ X u = 0 for every vector field X tangent to F. Roughly speaking, D is a basic partial differential operator if locally with respect to a foliated atlas it writes as a partial differential operators in the transverse coordinates (see definition 3.3).
In this set-up, we consider the evolution equation
(1) ∂ t u t = D(u t ) , u |t=0 = u 0 where u 0 ∈ C ∞ (E/F) is fixed and the solution u : M × [0, ǫ) → M is required to be smooth and such that u t ∈ C ∞ (E/F) for every t.
Theorem 1.1. Assume that D is strongly transversally elliptic at u 0 . Then equation (1) has always a unique maximal solution defined for t ∈ [0, ǫ). Moreover, when D is linear u is defined for t ∈ [0, ∞).
The proof of theorem 1.1 is mainly based on the treatment in [9] of basic differential operators. Indeed, from [17, 9] it follows that if (E, ∇) is an F-bundle over a manifold M foliated by a transversally oriented Riemannian foliation F, then there exist a compact smooth manifold W and an SO(n)-bundleĒ over W such that C ∞ (E/F) is canonically isomorphic to the space of SO(n)-invariant sections ofĒ. Moreover, from [9] it follows that if D : C ∞ (E/F) → C ∞ (E/F) is a linear basic strongly transversally elliptic operator, then it can be regarded as a G-invariant strongly elliptic differential operator on C ∞ (Ē). From this result it follows that in the linear case equation (1) can be regarded as a genuine parabolic equation involving sections of a fiber bundle and the existence and uniqueness of a solution follows from the standard parabolic theory. The proof of the nonlinear case follows the same approach, but since the results in [9] are proved only for linear operators, we have to adapt El Kacimi's theorem to the nonlinear case (see theorem 4.2).
In the second part of the paper we apply theorem 1.1 to some explicit flows on foliated manifolds. In section 5 we consider the transverse Ricci flow introduced in [16] and we prove that it is well-posed by applying theorem 1.1. Indeed, as it happens in the non foliated case, the flow is not strongly parabolic and it has to be modified by using a basic vector field. The modified transverse Ricci flow is strongly transversally parabolic and it is well-posed in view of theorem 1.1. The existence of a solution to the transverse Ricci flow follows from the wellposedness of its modification, while for the uniqueness of the solutions we adapt an argument in [15] to the foliated case. In this second part we have to assume that the foliation is homologically orientable in order to introduce an integral functional.
In section 6 we take into account Kähler foliations studying a foliated version of the Kähler-Ricci flow. Here the well-posedness of the flow is again implied by theorem 1.1, while the long time existence is obtained adapting some well-known results of the non-foliated case.
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Preliminaries on Riemannian foliations
Let M be an (m + n)−dimensional smooth manifold. A codimension n foliation F on M can be defined as an open cover {U i } of M together a family f i : U i → T of submersions onto an m-dimensional manifold T , called the base of the foliation, such that whenever U i ∩ U j = ∅ there exists a smooth map γ ij :
is usually called a foliated manifold. The previous construction is equivalent to assign an involutive distribution L of rank m. A leaf of F is by definition a maximal integral submanifold of L. Given a foliated manifold (M, F), we denote by Q the normal bundle T M/L and it is therefore defined the following exact sequence of vector bundles
A transverse structure on a foliated manifold is by definition a geometric structure on the base manifold T which is invariant by the transition maps {γ ij }. The most important class of transverse structures is the one of transverse Riemannian metrics introduced by Reinhart in [20] as a natural generalisation of Riemannian submersions. In contrast to the non-foliated case, the existence of a transverse Riemannian metric is not always guaranteed and imposes some strong conditions on the foliation. A foliation F is Riemannian if and only if Q inherits a metric g Q along its fibres satisfying the holonomy invariant condition
, where L is the Lie derivative (see e.g. [26, 17] ). Condition (2) makes sense since if X is a section of L, then its flow {φ t } preserves the foliation. The metric g Q is simply defined by gluing together the pull-backs of the metric of the base T via the local submersions and can be regarded as a degenerate symmetric 2-tensor on M . Such a g Q can be always "completed" to a bundle-like Riemannian metric g on M , i.e. there always exists a metric g on M whose restriction to the orthogonal complement of L is g Q . A metric g on a foliated manifold is usually called bundle-like if its restriction to L satisfies (2) . In this paper we refer to a metric g Q on Q satisfying (2) as to a transverse metric.
Denoting by C ∞ (M, F) the space of foliated vector fields on (M, F), the quotient
is by definition the set of basic vector fields on (M, F). For every X ∈ C ∞ (M, F), X b denotes the correspondent class in C ∞ (M/F) and can be regarded as a section of Q. A foliation is called transversally parallelizable if there exist n basic vector fields which are linear independent at any point. Now we recall the definition of F-fibration. Let π : P → M be a G-principal bundle over a foliated manifold (M, F) and let H ⊆ T P be the horizontal distribution defined by a connection on P with connection 1-form ω. Then for every p ∈ P , H p is isomorphic to T π(p) M and consequently F induces a distributionF in P . The connection given by H is called a basic ifF is a foliation and ω is basic, i.e. LX ω = 0 for every vector fieldX tangent toF. In this case the pair (P, H) is called an F-fibration. A vector bundle E with an assigned affine connection ∇ is called an F-fibration if the induced principal bundle (P, H) is an F-fibration. This is equivalent to require that the curvature R of ∇ satisfies ι X R = 0 for every smooth section X of L. Moreover, if (E, ∇) is an F-bundle, then the foliationF on the principal bundle induces a foliation F E on E. A map T between two F-bundle (E, ∇) and (E ′ , ∇ ′ ) on M is called foliated if it takes leaves of F E to leaves of F E ′ and a smooth section α of an F-bundle (E, ∇) is called basic if ∇ X u = 0 for every X tangent to F. We denote by C ∞ (E/F) the set of smooth basic sections of (E, ∇).
The most natural example of F-fibration is the SO(n)-bundle of transversally oriented frames of a Riemannian foliation defined as follows. Let F be a Riemannian foliation on a smooth manifold M with transverse metric g Q . Then it is defined the transverse Levi-Civita connection
, where g is a bundle-like metric on M inducing g Q with Levi-Civita connection ∇ g , σ is the isomorphism between Q and L ⊥ and X → X Q is the projection onto Q. Such a ∇ does not depend on the choice of g and it is the unique connection on Q satisfying
for every vector fields X, Y on M and V 1 and V 2 in C ∞ (Q). Moreover, F is called transversally orientable if there exists a nowhere vanishing transverse volume form ν. When such a ν is fixed, then the principal bundle of linear frames of Q has a natural SO(n)-reduction which we denote as in [17] by ρ : M ♯ → M . The transverse Levi-Civita connection induces a connection on M ♯ making it an F-bundle. The following result is due to Molino and it will be important subsequently:
Theorem 2.1 (Molino, [17] ). The foliation F ♯ induced by F on M ♯ is always transversally parallelizable and invariant by the action of SO(n). Moreover, the leaf closures of F ♯ are the fibres of a locally trivial fibration F ֒→ M ♯ → W , where W is a compact manifold called the basic manifold of F.
In the last part of this section we recall the definition of the basic Laplace operator and basic cohomology groups. Let (M, F) be a manifold foliated by a Riemannian foliation and let g Q be its transverse metric. A p-form α on M is called basic if
for every smooth section X of the fibre bundle L generated by F, where L denotes the Lie derivative. We denote by Ω p B (M ) the set of basic p-form on M and by C ∞ B (M ) the set of basic fuctions (i.e. basic 0-forms). Notice that accordingly to our previous notation we have
Then the de Rham differential operator takes basic forms into basic forms and the pair (Ω B , d) induces a cohomology H B usually called the basic cohomology of (M, F). As is usual we will denote by d B the restriction d |Ω B . When F is transversally oriented the basic hodge "star"operator * B and the basic codifferential operator δ B are defined in the usual way. Furthermore, it is defined the basic Laplacian operator ∆ B = d B δ B + δ B d B acting on basic forms of degree at least 1. On the other hand for conventional reasons we put a minus sign in the definition of the basic Laplacian acting on basic functions
As in the classical Hodge theorem, in the compact case the basic cohomology groups are isomorphic to the kernels of ∆ B , but, in contrast to the nonfoliated case, they do not always satisfy Poincaré duality. Poincaré duality is guaranteed under some strong topological assumption on F, for instance when F is homological orientable: Definition 2.2. A transversally oriented Riemannian foliation F is called homologically orientable if there exists an m-form χ on M restricting to a volume along the leaves of F and such that
It is well-known that when F is homologically orientable, the form χ can alwaysbe written as
where g is a bundle-like metric on M making the leaves of F minimal and {E 1 , . . . , E m } is an oriented orthonormal frame of L. Furthermore, the existence of χ allows us to introduce the following scalar product on basic forms
which makes ∆ B self-adjoint.
Basic differential operators on foliated manifolds
In order to introduce basic differential operators on foliated manifolds, we briefly recall the non-foliated case. Let M be a manifold and let π : E → M be a vector bundle over M . We denote by C ∞ (E) the vector space of smooth global sections of E. A quasilinear differential operator of order r is a map D : C ∞ (E) → C ∞ (E) which can be locally written as
where {x r } are local coordinates on M and {e α } is a local frame of E. In this definition and throughout all the paper we use the Einstein summation convention. When D has even order r, it is called strongly elliptic
for every (x, ξ) ∈ T * M , ξ = 0, and v ∈ E x , where h is an arbitrary metric along the fibres of E. Here σ(L u ) denotes the principal symbol of L u which, for every (
We recall the following classical result (see e.g. [1, Chapter 4])
be a second order quasilinear operator which is strongly elliptic at u 0 , then the evolution equation
Consider now a Lie group G together a representation of G in Aut(E). In this case we have also an induced G-action on M and E is usually called a G-bundle and C ∞ (E) inherits the natural
We denote, adopting the notation of [9] , by C ∞ G (E) the space of G-invariant sections of E. A section u of E belongs to C ∞ G (E) if and only if L X u = 0 for every fundamental vector field X of the action of G, where L denotes the Lie derivative. Moreover, a partial differential operator D :
commutes with L X for every fundamental vector field X. The following lemma will be useful Lemma 3.2. Let E → M be a G-bundle over a compact manifold, D : C ∞ (E) → C ∞ (E) a quasilinear second order strongly elliptic differential operator andū 0 be a G-invariant section of E. Then the solution to the parabolic system
Proof. Let X be a fundamental vector field for the action of G on M . Then taking the Lie derivative of (8) and taking into account that D commutes with L X we get
Hence L X u t is a solution to
, v |t=0 = 0 . and the claim follows. Now we can focus on the foliated case. We adopt the following definition: Definition 3.3. Let (M, F) be a foliated manifold and (E, ∇) an F-fibration. A quasilinear basic differential operator of order r is a map D : C ∞ (E/F) → C ∞ (E/F) such that with respect to local foliated coordinates {x 1 , . . . , x n , y 1 , . . . , y m } takes the local expression
where {e α } is a local trivialisation of E.
When D is linear, definition 3.3 agrees to the one given in [9] . For a linear basic differential operator D of order r and (
In analogy to the nonfoliated case, D is called strongly transversally elliptic at u ∈ C ∞ (E/F) if D has even order r and there exists a constant
for every (x, ξ) ∈ T * M , ξ = 0, and v ∈ E x , where h is some metric along the fibres of E.
Example 3.4. The foremost example of strongly transversally elliptic operator is the basic Laplacian operator ∆ B acting on basic functions described in the previous section.
In analogy to the non-foliated case, every linear basic differential operator can be described in terms of jets. We briefly recall this description and refer to [9] for details. Let r be a positive integer and let J r (E/F) be the vector bundle whose fiber at a point x ∈ M is given by
where S k denotes the k-symmetric power. Then we have the canonical isomorphism
(see [9] , corollary 2.3.7). In particular, J r (E/F) inherits a basic connection ∇ J since all the bundles involved are indeed F-bundles. For every basic section u of E we denote by J r (u) x the corresponding class in J r (E/F). Then it is defined the natural map J r :
Proof of theorem 1
This section contains the proof of theorem 1.1 and it is subdivided in two parts. The first part is about the linear case and it is obtained as direct consequence of a theorem of El Kacimi proved in [9] (see theorem 4.1 below). For the nonlinear case, we generalise El Kacimi's theorem to quasilinear operators and then we get the proof of theorem 1 as a consequence.
Let us consider a compact manifold M equipped with an n-codimensional transversally oriented Riemannian foliation F and let (E, ∇) be an F-bundle over M . Let G = SO(n) and ρ : M ♯ → M be the G-principal bundle of orthonormal oriented frames of (M, F) and let F ♯ be the induced transversally parallelizable Riemannian foliation on M ♯ . Denote, accordingly to Molino's theorem 2.1, by W the basic manifold of F and by F ֒→ M ♯ → W the locally trivial fibration induced by the the leaf closures of F ♯ . Denote by E ♯ → M ♯ the pull-back of E via ρ. In view of [9] there always exist a G-bundleĒ →W and canonic isomorphisms
The following result is proved in [9] Theorem 4.1 (El Kacimi). Let D : C ∞ (E/F) → C ∞ (E/F) be a linear strongly transversally elliptic basic differential operator. Then there exists a G-invariant strongly elliptic differential operatorD : 
has a unique solutionū ∈ C ∞ (Ē × [0, ∞)). Sinceū 0 andD are G-invariant, then lemma 3.2 ensures thatū t stays G-invariant for every t. Hence we can writeū t = ψ(u t ) for some smooth curve u in C ∞ (E/F) solving (1) . The uniqueness of u follows from the fact that ψ is a isomorphism and the uniqueness of standard parabolic problems.
The proof of theorem 1.1 in the nonlinear case works in the same way, but since El Kacimi's theorem 4.1 is proved in [9] only for linear operators, we have to extend it to the quasilinear case.
be a quasilinear basic differential operator which is strongly transversally elliptic at u ∈ C ∞ (E/F). Then there exists a G-invariant differential operatorD : C ∞ (Ē) → C ∞ (Ē) which is strongly elliptic at ψ(u) and makes the following diagram commutative
Proof 
where V b is isomorphic to V and
where
This fact allows as to lift the map T to a map T ♯ :
In this way we have a map T ♯ making the following diagram commutative
we can use the map T ♯ to define the partial differential operator
We firstly show that D ♯ is H * -strongly transversally elliptic at u. By differentiating the following
we get
where u = ρ ♯ (u ♯ ). Since D * |u is strongly transversally elliptic and
• J r , then [9, proposition 2.8.5] implies that D ♯ * |α ♯ is H * -strongly transversally elliptic. Although the induced D ♯ cannot be transversally strongly elliptic, we can correct it with some extra terms according to the construction described in [9] . Let {X 1 , . . . , X N } be a basis of the Lie algebra of SO(n) and let Q j be the SO(n)-invariant differential operator on Γ(E ♯ ) defined by
Then we set
Clearly Q is V * -strongly elliptic and null in 
The transverse Ricci flow
In this section we give a proof of the well-posedness of the of the transverse Ricci flow based on theorem 1.1: the short-time existence is treated in the spirit of [8] , while the uniqueness is obtained with the energy approach of [15] .
We briefly recall the definition of the flow introduced in [16] . Let M be a compact (m + n)-dimensional manifold equipped with an n-codimensionial Riemannian foliation with tangent bundle L. We denote as usual by π : Q → M the normal bundle T M/L and by g Q the transverse metric. We also assume F homologically oriented by a form χ (see definition 2.2). Let g be a bundle-like metric on (M, F) inducing g Q and let σ : Q → L ⊥ be the map which assigns to each [v] ∈ Q the component of v orthogonal to L with respect to g. We denote by ∇ the transverse Levi-Civita connection (3) induced by g Q and by R Q its curvature adopting the sign convention
The transverse Ricci curvature of g Q is then the basic tensor Rc Q ∈ Γ(S 2 Q * ) defined by
is a g Q -orthonormal frame of Q. We further denote by s Q the transverse scalar curvature of g Q which is defined by (13) s
The flow introduced in [16] is the flow g Q (t) of transverse Riemannian metrics governed by the equation ∂ t g Q (t) = −2Rc Q (t), where Rc Q (t) is the transverse Ricci curvature induced by the transverse metric g Q (t). The main result of this section is the following Theorem 5.1. Let (M, F) be a compact manifold equipped with a homologically oriented Riemannian foliation and letg Q be a smooth holonomy invariant metric on the quotient bundle Q. Then the evolution equation
has a unique short-time solution.
As in the non-foliated setting the evolution equation (14) cannot be parabolic because it is invariant by diffeomorphisms preserving F. However it can be made parabolic by the de Turck-like trick we are going to describe.
We regard Rc Q as an operator on the space of transverse Riemannian metrics on (M, F), which is open in the space of basic sections of S 2 Q * . Let {x 1 , . . . , x m , y 1 , . . . , y n } be a foliated coordinate system. A local frame of Q is obtained by taking V i = π(∂ y i ) for i = 1, . . . , n. Hence locally ∇ is described by the functions Γ k ij defined by
Note that this is equivalent to say ∇ ∂ y i π(∂ y j ) = Γ k ij π(∂ y k ) . Let g ij := g Q (V i , V j ) and let g rs be the components of the inverse matrix of (g ij ). Then
Once a background transverse metricĝ Q is fixed, every other transverse metric g Q induces the basic vector field
where the functionsΓ k ij are defined by∇
Now from (15), (5) and the definition of the frame V i , it easily follows
Finally we have
where ∆ B is the basic Laplacian of g Q . This shows that the operator
is strongly transversally elliptic on an open subset of C ∞ (S 2 Q * /F). Thus we have the following proposition which is now a consequence of theorem 1 Proposition 5.2. Let (M, F) be a compact manifold equipped with a transversally orientable Riemannian foliation with transverse metricg Q . There exists a T > 0 and a smooth oneparameter family of transverse metrics
where X is given by (16) .
About the existence of a solution to (14) , we reconstruct a solution of the transverse Ricci flow (14) from the modified flow (17) . In order to do this, we firstly integrate the time-dependent vector field X t to a 1-parameter group φ t of diffeomorphisms of M and observe that by definition (16) these diffeomorphisms preserve the foliation, i.e. (φ t ) * (L x ) = L φt(x) for any x ∈ M and any t. Hence if g Q (t) is a solution of (17), we can define φ * t (g Q ) by means of
where V, W ∈ Q and π(Ṽ ) = V and π(W ) = W . It is immediate to verify that φ * t (g Q ) is a solution of the original transverse Ricci flow (14) .
In order to prove the uniqueness of the transverse Ricci flow, we adapt the argument of [15] to the compact foliated case. Assume that g Q andḡ Q are two solutions in the interval [0, T ] of the transverse Ricci-flow with the same initial valueg Q . We denote by ∇ and∇ the induced transverse Levi-Civita connections and by R ∇ and R∇ the transverse curvature tensors. Let {e 1 , . . . , e n } and {ē 1 , . . . ,ē n } be two local frames of Q orthonormal with respect to g Q andḡ Q respectively. Then we define the following smooth tensors on
and their norms with respect to g Q
and consider the function E :
where dµ is the time dependent family of transverse volume forms induced by g Q (t) and the transverse orientation. To conclude that indeed E(t) vanishes identically on [0, T ], we only need to prove the following proposition and apply Gronwall's lemma. This is analogous to proposition 7 in [15] Proposition 5.3. There exists a constant C 0 depending on n and an upper bound on R ∇ and R∇ and their first derivatives, such that
The necessary ingredients are contained in the following lemmas Lemma 5.4. The following estimates hold
where (div U ) l ijk = ∇ a U al ijk and in all the inequalities the constant C depends only on the codimension of the foliation.
Proof. The estimates are proved in [15] for the Ricci flow in the non-foliated case. Since all the estimates in [15] are local and a solution of the transverse Ricci flow can be regarded as a collection of solutions to the Ricci flow on open sets in R n , the claim follows. 
where the constants depend on n, T and an upper bound of the curvatures and its first derivatives.
Proof. The inequalities are obtained by combining lemma 5.4 and lemma 5.5.
Proof of Proposition 5.3. Let us define
Moreover,
and then we get
and the statement follows.
The transverse Kähler-Ricci flow
This section is about the generalization of the Kähler-Ricci flow to transverse geometry. The Kähler-Ricci flow is a powerful tool for studying Kähler manifolds which was introduced by Cao in [3] . In [23] Smoczyk, Wang and Zhang generalized the flow to Sasakian manifolds proving a "Sasakian version" of Cao's theorem.
A Kähler foliation is by definition a foliation F provided with a transverse Kähler structure (see e.g. [2] and [11] ). Such a structure can be regarded as a pair (g Q , J) of tensors on the normal bundle of the foliation Q, where g Q is a transverse metric making the foliation Riemannian and J is an endomorphism of Q satisfying J 2 = −Id, g Q (J·, J·) = g Q (·, ·) and an integrability condition. The pair (g Q , J) induces a closed basic 2-form ω on M defined as the pull-back of g Q (J·, ·). We refer to ω as to the fundamental form of the transverse Kähler structure. The transverse complex structure J induces a natural splitting of the space Ω r B (M, C) of complex basic r-forms on M into Ω r B (M, C) = ⊕ p+q=r Ω p,q B and the restriction of d B to basic complex (p, q)-forms splits accordingly as d B = ∂ B +∂ B . As in the non-foliated case ∂ 2 B =∂ 2 B = 0 and these operators define some cohomology groups (see e.g. [9, 2] for details). From the local point of view it is useful to recall that we can always find coordinates {x 1 , . . . , x m , z 1 , . . . , z n } taking values in R m × C n , such that {x 1 , . . . , x m } are coordinates on the leaves and {V k := π(∂ z k )} is a local (1, 0)-frame of Q. Such coordinates are usually called complex foliated.
From now on we assume M compact and F homologically oriented by a form χ on M . The existence of χ allows us to generalize many results about Kähler manifolds to the non-foliated case. For instance, El Kacimi proved in [9] a foliated version of the ∂∂-lemma (called the ∂ B∂B -lemma) and gave a generalization of the Calabi-Yau theorem. Indeed, accordingly to the non-foliated case, it is defined the transverse Ricci form of (ω, J) as a closed basic form ρ B on M obtained as pull-back of Rc Q (J·, ·) to M . Such a form locally writes as ρ B = −i∂ B∂B log det(g kr ), where we locally write g Q = g rs dz r dz s , and allows us to define the basic first Chern class as
We recall the following Theorem 6.1 (El Kacimi [9] ). For every β representing c 1 B (M ) there exists a unique Kähler form in the same basic cohomology class as ω whose transverse Ricci form is 2πβ.
Here we want to study the transverse version of the Kähler-Ricci flow for Kähler foliations. Let M be a compact manifold equipped with an initial Kähler foliation (F,g Q , J) and consider the transverse Ricci flow
In this case we can prove the following two results Theorem 6.2. There exists a unique smooth family of transverse Kähler metrics g Q (t), defined for t ∈ [0, T ), such that g Q (t) solves (27) where
andω is the fundamental form ofg Q . Moreover if c 1 B (M, J) = 0, then g Q (t) converges to a transversally Ricci-flat metric.
In the statement above, when we write that a class γ ∈ H 1,1 B (M ) is positive we mean that there exists a form κ ∈ γ which is the fundamental form of a transverse Hermitian metric on (M, F, J).
B with ν < 0, then there exists a unique smooth family of transverse Kähler metrics g Q (t) defined for t ∈ [0, ∞), whose fundamental form ω t solves
and g Q (t) converges to a transversally Kähler-Einstein metric.
The short-time existence and the uniqueness for the solutions to the transverse Kähler-Ricci flow will be obtained by using theorem 1, while the long time behaviour will be studied working as in Kähler geometry. For the long time existence we follow the description in [24] omitting those computations which totally agree to the non-foliated case. Let us consider now a Kähler manifold (X,ω) and let ω t , t ∈ [0, T ], be a solution to the normalised Kähler-Ricci flow
where ν is a non-negative real constant. The next lemma can be for instance easily deduced from theorem 2.2 and corollary 2.3 in [24] . Here and throughout this subsection the symbol ∆ t will stand for the complex Laplacian of the form ω t , i.e. ∆ t f = gj i t ∂ i ∂jf , where f ∈ C ∞ (M ). Lemma 6.5. Let s t be the scalar curvature of ω t , then (∂ t − ∆ t )e νt (s t + νn) ≥ 0. Moreover, assume that there exists a uniform constant C such that s t ≥ −νn − Ce −νt , then
• if ν = 0, then ω n t ≤ e Ctωn ; • if ν = 1, then ω n t ≤ e C(1−e −t )ωn . Now we recall the following results involving the Kähler-Ricci flow (for the proofs we still refer to [24] ) Theorem 6.6. Assume that there exists a uniform costant C such that 1 Cω ≤ ω t ≤ Cω . Then any point x ∈ X has a neighborhood U where the C ∞ norm of ω with respect toω is uniformly bounded.
Lemma 6.7. Let κ be a Kähler structure on X having bisectional curvature bounded from below, then there exists a uniform constant C such that
Let us consider now on (X,ω) a solution ϕ to the parabolic Monge-Ampère equation
Lemma 6.8. Assume ∂ t ϕ t C 0 ≤ Ce −t for a uniform constant C. Then 1. there exists a smooth map ϕ ∞ on X such that such that ϕ t − ϕ ∞ C 0 ≤ Ce −t ; 2.
1 C ′ω n ≤ (ω + i∂∂ϕ) n ≤ C ′ωn for a uniform constant C ′ .
6.2.
A maximum principle in foliated manifolds. Here we prove a general maximum principle involving basic functions on compact manifolds foliated by Riemannian foliations. The result can be seen as an extension of [27, Proposition 5.1] to the foliated non-Sasakian case. By a smooth family of linear basic partial differential operators {E} t∈[0,ǫ) we mean a smooth family of linear basic differential operators E(·, t) : C ∞ B (M ) → C ∞ B (M ) whose coefficients depend smoothly on t.
Proposition 6.9 (Maximum principle for basic maps). Let (M, F, g Q , J) be a compact manifold with a Kähler foliation. Let {E} t∈[0,ǫ) be a smooth family of linear basic partial differential operators such that E(·, t) is transversally strongly elliptic for every t ∈ [0, ǫ) and satisfies
Assume that h λ achieves its global maximum at (x 0 , t 0 ) and assume by contradiction t 0 = 0. Then
Therefore condition (30) implies E(h λ (x 0 , t 0 ), t 0 ) ≤ 0 and then
which is a contradiction. Therefore h λ achieves its global maximum at a point (x 0 , 0) and
Since the above inequality holds for every ǫ 0 ∈ (0, ǫ) and λ > 0, the claim follows.
Corollary 6.10. Let (M, F, g Q (t), J) be a manifold with a family of Kähler foliations. Let h ∈ C ∞ B (M × [0, T )) which is basic for very t. Assume
where ∆ B,t is the basic Laplacian operator of g Q (t), then
6.3. Proof of theorem 6.2. In this subsection we prove theorem 6.2. Every transverse volume form Ω on a manifold M foliated by a Kähler foliation can be written as
where the map f depends only on the transverse complex coordinates. Then when we write log Ω, we mean log f .
Proof of theorem 6.2. First of all we show that (29) has a unique transversally Kähler maximal solution g Q (t) defined in M × [0, T max ), where T max ≤ T . Let T ′ < T and consider a transversally Kähler form β such that
for t ∈ [0, T ′ ) and we consider the scalar flow
where ϕ t is smooth family of basic functions and Ω is a transverse volume form satisfying
. Since (31) is transversally parabolic, theorem 1 implies that it has a unique maximal short time
. Moreover the curve of metrics corresponding to the path of fundamental forms ω t =ω t + i∂ B∂B ϕ t solves (27) and the transverse ∂ B∂B -lemma for Kähler foliations implies that every solution to (27) induces a solution to (31). This implies the existence of a maximal solution g Q defined in
, we necessarily have T max ≤ T . Next we study the long time behavior of the maximal solution ω t . Assume by contradiction T max < T and for a fixed T ′ such that T max < T ′ < T and defineω t as above. Note that with our assumptions T max is necessarily finite. Then we can write ω t =ω t + i∂ B∂B ϕ t , where ϕ solves (31). In order to apply theorem 6.6, we have to show that there exists a uniform constant C such that 1 Cω ≤ ω t ≤ Cω. That is equivalent to require 1 C ≤ trω ω t ≤ C and it can be proved by providing some a priori uniform estimates involving ϕ.
• ϕ t C 0 is uniformly bounded in [0, T max ). Keeping in mind that ϕ is a solution to (31), it is not difficult to show that ∂ t (ϕ t − At) is negative for a constant A sufficiently large and the maximum principle implies that ∂ t (ϕ t − At) achieves its maximum at t = 0. Therefore ϕ t ≤ T max A. A similar argument yields a lower bound for ϕ.
• ∂ t ϕ t C 0 is uniformly bounded in [0, T max ). This is equivalent to
n , for a uniform constant C 1 . Keeping in mind that the basic scalar curvature s B (t) and the basic Laplacian operator ∆ B,t of g Q (t) are locally the scalar curvature and the Laplacian of the Kähler base manifold X, then lemma 6.5 implies (∂ t − ∆ B,t )(e νt s B (t)) ≥ 0. Therefore corollary 6.10 implies s B (t) ≥ −νn − C 2 e −νt for a uniform constant C 2 and the second part of lemma 6.5 together with the compactness of M implies ω n t ≤ C 1ω n for a constant C 1 . For the lower bound we have (∂ t − ∆ B,t )((T ′ − t)∂ t ϕ t + ϕ t + nt) = tr ωt β ≥ 0 and the maximum principle implies
Since ϕ is bounded, we get a lower bound for ∂ t ϕ.
• trωω t is uniformly bounded from above in [0, T max ). In view of lemma 6.7 we have (∂ t − ∆ B,t ) log(trωω t ) ≤ C 3 tr ωtω for a uniform constant C 3 . Let A be a fixed constant such that Aω t − (C 3 + 1)ω is a transversally Kähler form for every t ∈ [0, T max ]. Then
Let τ ∈ (0, T max ) be fixed and let (x 0 , t 0 ) be a point where log(trωω)−Aϕ achieves the maximum
(log(trωω) − Aϕ) ≤ log n .
If t 0 > 0, then (32) implies
tr ωt 0ω + A log ω n t 0 Ω ≤ An at x 0 , and lemma 6.4 implies that trωω is uniformly bounded in (x 0 , t 0 ). Hence, since ϕ C 0 is uniformly bounded, we have
where C does not depend on τ . Thus log(trωω) is uniformly bounded from above in [0, T max ) and the claim follows.
The three facts proved above together with lemma 6.4 imply that 1 C ≤ trωω t ≤ C for a uniform constant C and theorem 6.6 together with the compactness of M implies that the C ∞ norm of ω is uniformly bounded in M × [0, T max ). Therefore as t → T max the solution g Q (t) converges to a transversally Kähler metric g Q (T max ) and the flow can be extended after T max contradicting the maximality of the solution.
In particular when c 1 B (M ) = 0, the maximal solution g Q is defined in M × [0, ∞). Now we focus on this last case. The fundamental form ω t of g Q (t) can be written in this case as ω =ω + i∂ B∂B ψ t , where ψ t solves ∂ t ψ = log (ω + i∂ B∂B ψ t ) ñ ω n ,ω + i∂ B∂B ψ t > 0 , ψ |t=0 = 0
• ∂ t ψ t C 0 is uniformly bounded in [0, ∞). The function ψ solves (∂ t − ∆ B,t )∂ t ψ t = 0 and the maximum principle for basic maps implies this claim.
• max ψ t − min ψ t is uniformly bounded in [0, ∞). From the El Kacimi's paper [9] it follows that the solutions to the transverse Monge-Ampère equation
(ω + i∂ B∂B f ) n = e Fωn ,ω + i∂ B∂B f > 0 satisfies the a priori estimate max f − min f < C where C depends only on F andω. Now for every fixed t, ψ t solves (ω + i∂ B∂B ψ t ) n = e ∂tψt ω n and the previous bound on ∂ t ψ t implies this claim.
• trωω t is uniformly bounded from above in [0, ∞). Lemma 6.7 together with the compactness of M implies that (∂ t − ∆ B,t ) log trωω t ≤ C tr ωtω for a uniform constant C. It follows (∂ t − ∆ B,t )(log trωω t − (C + 1)ψ t ) ≤ C tr ωtω − (C + 1)∂ t ψ t − (C + 1)tr ωtω + Cn + n ≤ −tr ωtω − (C + 1)∂ t ψ t + Cn + n.
Since ∂ t ψ t is uniformly bounded we have 
shows that M ψω n ∧ χ is decreasing in t and thus for every (x, τ ) ∈ M × [0, ∞) we have
On the other hand if t 0 = 0, we have log trωω t 0 (x 0 ) ≤ log n + (C + 1)ψ 0 (x) and we can prove the item by working in the same way. Now, since the C 0 -norm of ∂ t ϕ is uniformly bounded, taking into account that M is compact, the previous item and lemma 6.4 imply trωω is uniformly bounded in (x 0 , t 0 ) and since ϕ is uniformly bounded we get the item.
The two items above imply that the maximal solution ω t =ω + i∂ B∂B ϕ t to (28) satisfies 1 Cω ≤ ω t ≤ Cω for a uniform constant and theorem 6.6 ensures that the C ∞ norm of ω t and of ϕ t are uniformly bounded. This implies that ω t converges to a transverse Kähler-Einstein structure, as required.
6.5. The case of Sasaki manifolds. In the case of Sasaki metrics, theorem 6.2 and theorem 6.3 provide an alternative proof of the main results of [23] on Sasaki-Ricci flow.
We recall that a Sasaki structure on a (2n+1)-dimensional manifold is given by a 1-dimensional foliation generated by a vector field ξ together with the following triple of tensors: a bundlelike metric g, a 1-form η such that ker η = ξ ⊥ and an endomorphism Φ of T M such that Φ 2 = −Id + η ⊗ ξ. We denote by D the kernel of η and by g T the restriction of g to D. Clearly the pair (D, g T ) is identified with (Q, g Q ). If g Q (t) is a solution of the flow ∂ t g Q (t) = −Ric Q (t) − νg Q (t) , g Q (0) =g Q with ν = 0, −1, we can reconstruct the Sasaki structure at any time by setting g(t) := g T (t)+ξ⊗ξ and taking η as the g(t)-dual of ξ.
